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Abstract

In this paper, we derive bounds on the Structural SIMilarity (SSIM) Index as a
function of quantization rate for xed-rate uniform quanti zation of image discrete cosine
transform (DCT) coe cients under the high rate assumption. The space domain SSIM
Index is rst expressed in terms of the DCT coe cients of the space domain vectors.
The transform domain SSIM Index is then used to derive boundsn the average SSIM
Index as a function of quantization rate for Gaussian and Lapacian sources. As an
illustrative example, uniform quantization of the DCT coe cients of natural images is
considered. We show that the SSIM Index between the referemcand quantized images
fall within the bounds for a large set of natural images. Further, we show using a simple
example that the proposed bounds could be very useful for rat allocation problems in
practical image and video coding applications.

1 Introduction

The mean squared error (MSE) is a popular distortion measungsed in the optimization of
a wide variety of image processing algorithms ranging fronugntization to restoration. The
amenability of the MSE to analysis combined with a lack of copetitive perceptual distor-
tion measures contribute to its popularity. The importanceof designing image processing
algorithms optimized for perceptual quality measures, aspposed to the MSE, has been
long recognized [4]. Image coding algorithms that are optieed for perceptual distortion
measures have been proposed by several authors and have fmeca part of image coding
standards [9, 14, 10]. These algorithms use distortion me@ss such as those based on mod-
els of the human visual system (HVS), variants of the MSE suchs the weighted MSE, or
other empirical measures of quality.

Recent advances in image quality assessment (IQA) reseatds led to the emergence of
powerful algorithms that include, among others, the SSIM ldex [13], or Wang-Bovik Index,
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the visual information delity criterion (VIF) [11], and th e visual signal to noise ratio (VSNR)

[2]. These IQA algorithms correlate better with the mean opiion scores (MOS) of subjective
guality evaluation compared to measures currently used imiage coding algorithms such as
the just-noticeable distortion (JND) metric [8] and MSE [12. The emergence of these IQA
algorithms present the possibility of improved design of iage coding algorithms.

In this paper, we analyze the relation between the quantizein rate and the SSIM Index
in the discrete cosine transform (DCT) domain. The SSIM Indeis considered as opposed
to other recent IQA algorithms since its performance is vergompetitive while being highly
amenable to analysis. The DCT domain is considered since stpopularly used in transform
coding of images and videos. A closed form relation betweeste and SSIM Index for xed
rate uniform quantization is extremely di cult, if not impo ssible, to derive. Instead, we
are able to derive upper and lower bounds on the SSIM Index adumction of quantization
rate (under a high rate assumption). It is shown that the SSIMndex between the reference
and quantized versions of the input falls within these bourslnot only for Gaussian and
Laplacian sources, but also for natural images. The usefelss of the bounds in a practical
image coding scenario is demonstrated using a simple ratéoahtion example.

The SSIM Index is brie y reviewed followed by an overview offte discrete cosine trans-
form (DCT) and uniform quantization. The rate versus SSIM Ilmlex problem is then for-
mulated in the DCT domain. Bounds on the SSIM Index as a funain of quantization rate
are derived for Gaussian and Laplacian sources. The usefss of the bounds in a practical
image coding scenario is demonstrated using a bit allocati@xample.

2 Background
2.1 SSIM Index

The most general form of the structural similarity measure étween two signal vectors and
y (both in RN) is

SSIM (x;y) = [1(x;y)] [e(x;y)] [s(x;¥)] : (1)
The term I(x;y) = % compares the luminance of the signals(x;y) = % com-

pares the contrast of the signals, and(x;y) = yy%%g measures the structural correlation

of the signals. The quantities ; y are the sample means of andy respectively, Z; 3 are
the sample variances ok andy respectively, and ,, is the sample cross-covariance between
x andy. The constantsC,; C,; C3 are used to stabilize the distortion measure for the case
where the means and variances become small. The parameterss 0; > 0, and > O,

are used to adjust the relative importance of the three compents. We use the following

simpli ed form of the SSIM Index in our work (where = = =1, and C3 = C,=2):
2 X + Cl 2 xy T CZ
SSIM (x;y) = Y Y 2
W= S G )

In image quality assessment, pixel values from local blocks the reference and distorted
images constitute the vectorsx andy respectively. The average of the SSIM values across



the image (also called mean SSIM or MSSIM) gives the nal qual measure. The design
philosophy of the SSIM Index is to acknowledge the fact thatatural images are highly
structured, and that the measure of structural correlation(between the reference and the
distorted image) is important for deciding overall visual gality. Further, the SSIM Index
measures quality locally and is able to capture local dissilarities better, unlike global
quality measures such as MSE (and hence PSNR). Though (2) hasform that is more
complicated than MSE, it remains analytically tractable.

2.2 The Discrete Cosine Transform

The DCT is widely used in the transform coding of images and deos and is central to sev-
eral popular image (JPEG) and video coding standards (MPE@) [10, 3]. Highly e cient
software and hardware implementations of the DCT form the g¢e of several of these stan-
dards. The DCT is popular due to its energy compaction propsg; combined with e cient
implementations. These reasons motivate us to perform ounalysis in the DCT domain.
The DCT of a vectorx 2 RN is:

X i +1) k

X (k) = (k)cos N

i=0

x(i); 3)

q_
where (k)= T:ifk=0; (k)= £ otherwise.

2.3 Uniform Quantization

Uniform quantization [1] is the earliest, simplest, and masommon form of quantization. It
is used in a range of audio, image, and video coding appliaats mainly due to its simplicity.
While other forms of quantization are well studied [5], asyptotic analysis of the relation
between rate and distortion (mean squared error) for xedate uniform quantization of
symmetric sources with in nite support was reported only asecently as 2001 by Hui and
Neuho [6]. We use results from this work in our implementatn.

The following notation is used in our analysis. The range ofhe granular region is
denoted by 2., the number of quantization levelsN = 2R, whereR is the quantization rate.

The quantizer step size is denoted by = ZN—L The quantization levels are denoted by;

(O i N 1),withy,= L+(i+1=2). Aninterval in the granular region is denoted
by S = (Y =2;y; + =2]. In the sequel, we use the term rate and quantization stefze
interchangeably (for notational convenience) since theyra related by = g—k where 2

and R are as de ned above.

3 Problem Formulation

3.1 Measuring SSIM Index from DCT Coe cients

The SSIM Index in (2) is de ned in the space domain. In the faliwing, we derive a simple
yet useful formula for measuring the SSIM Index between twaegtors from their DCT coef-
cients. The DCT is a unitary transform and obeys Parseval'sheorem. Using this property
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and (3), the following relations between space domain meavgriance, cross correlation and
the DCT coe cients are established:
P _ P P
_ XM X0, - XK RTXRY(K),
X N "N X N 1 ¥ N 1 '

(4)

Substituting the space domain mean, variance, and cross pelation terms in the de nition
of SSIM (2) with the expressions in (4),

X (0)Y (0) 10 e X (K)Y (k)
SSIM(x;y) = x2(0>2+NY(0>2+ = PZNkl_;Nk—ziH: A : (5)
e+ G k=1 N()l ©? | ¢,

This expression can be particularly useful when performinguality assessment of JPEG
compressed images without having to decompress the imagesgtie space domain (for com-
puting the SSIM Index from non-overlapping blocks). We usehe DCT domain expression
for the SSIM Index in the following analysis.

3.2 Relation between SSIM Index and Quantization Rate

The relation between SSIM and rate is derived under the highate assumption and includes
contributions only from the granular region. We assume thathe DCT coe cients are
independent [7], and that they are quantized at di erent stp sizes ; [10].

Let X =[Xo X1 ::: Xy 1]" denote a random vector composed &f DCT coe cients. In

density fx (X) = f (Xo)f (x1) :::f (XN 1). Each element of the random vectoX; is uniformly
guantized at rateR;. Under these assumptions, an interval in the joint granularegion of the

2R 1. The upper and lower limits of a quantization interval are dnoted by Uy, and L
respectively. The vectorX (2 Sy) is quantized by a pointQ(X) =[VYy, Yk, 11 Yk, ,I7- We
ignore the contribution of the overload region to the averag SSIM betweenX and Q(X),
and consider only the granular region. The average SSIM Inddetween X and Q(X) is
computed as
E[SSIM (X;Q(X))]  E[SSIMgan (X; Q(X))] 5 |
z z VA :
X7 Yo 2¢oYy, + NCq Uiy U 1 20 N hxY + (N 1)C,

= 5 5 f (Xo)dXo i P15 >

L, X0t Yot NGy Ly Liy 4 iz XP+ Y2+ (N 1)C,

f(X)Ff (X2) :i:f (Xn p)dXdXo:iidXy 1

(6)

1

In practice, the most common DCT block size used in image anddeo coding applications
is 8 8. The expression in (6) however, is quite formidable to evate and implement even
for DCT block sizes as small as 22. Therefore, directly using (6) in a practical scenario
appears extremely di cult, if not impossible. To make this problem tractable, we develop
upper and lower bounds on (6). These bounds are shown to be @ede in estimating the
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range of the average SSIM Index between the reference and wfied versions of a variety
of sources. Further, it is also shown that the bounds are easito implement and evaluate
than an explicit solution to (6).

4 Bounds on the SSIM Index

In this section we present upper and lower bounds on the avgenSSIM Index as a function
of quantization rate, evaluate these bounds for Gaussian @m.aplacian sources, and discuss
several properties of these bounds. We assume that the DCTecoients X; are independent,
and each coe cient is quantized separately at step size;. The high resolution assumption
is made, and only the contribution of the granular region isansidered.

Theorem 4.1 For a random vector X with independent components, the average SSIM
Index (as de ned in (5), (6)) betweenX and its uniformly quantized versionQ(X) =

0 PiNzll i2=121 0 PiNzll £=12
M@ NI A E[SSIM(X:Q(X M@ N1 A. 7
U+G, [SSIM (X; Q(X))] v+c, (7)

where  is the step size assigned to quantize®; to quantize random variableX;, M =
E % is the average value of the contribution from the mean termlJ;V are
guantities de ned below, 4 is the range of the granular region of the quantizer with the
largest span, andC, is a stabilizing constant (from (5)).

The termsV and U for a given probability p are

V = pé erfl2p 1)+

_ 8
U= 2 erf 1 2p+ . (®)

where ; u; v; u are dependent on the source distribution.

SSIM(X;Q(X)) = MS;with

XoYk P »N_llxiYk. 1
M=@2N0+C1A SZ@E _N1I+C2A (9)
X 02+ Ykzo ’ L XY
—N + Cl Tl + C2

whereM corresponds to the mean term, an® corresponds to the structure term. It is easy
to show that M > O (for natural images),and 1 S 1. Also,1 S 0. Now,

PN

Pn o1 1
2 k=1 XiYki + C i=1 (Xi Yki)z
_ N 1 2 _ N 1 .
1 S—l PN 1y 2 2 - PN 1y 2 2 " (10)
X2+, N Ix2+y,
k=1 i ki + C i=1 i Kj + C
N 1 2 N 1 2
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P N 1
To simplify the denominator in the above equation, a variald Z = —3 1Xi2 is introduced.

Since N is large for the most interesting case of an 8 DCT, the distribution of Z can
be approximated well by a Gaussian distribution due to the c#ral limit theorem. For a
speci ed probability p, chooseV and U such thatP(Z V L?)=p,P(Z>U)= p. The
term L? is subtracted fromV since it is larger than the highest value that any of quantize
levels Yy, can take. SinceZ is Gaussian, it follows thatV; U that satisfy the probability p
is given by (8), where the rst and second moments & are computed based on the source
distribution. Since M > 0, the following bound holds with probability p.

i N X Yi;)? i NN Yi; )2
M—"21 M@ s) Mm—F 1 11
Applying the expectation operator, using the high-rate uriorm quantization result MSE =
1—22 [1, 5], and the independence assumption

P P
iN:1 ! f=12 iN=1 ' iz_:l2
E[M ][VN+71C2] E[M] EMS] E[M ][UN+71C2]: (12)

ReplacingE[M ] with M and rearranging terms,

P N 1 2 O P N 1 2
i=1 i=12 i=1 i =12
M@ N1 A E[SSIM X;Q(X M@ N1 A 1
U+ G, [ (X5 QG V+ C, (13)

The terms M; ; .; v; u are presented next for Gaussian and Laplacian sources. Taes
two sources are considered as they are commonly used to mod€lT coe cients [7]. The
expressions for these bounds can be very easily implementedthese sources for any DCT
block size. Most importantly, we show that the bounds are ineed accurate not only for
these sources, but also for a large set of natural images.

In the following, the distribution of X, is assumed to have zero mean mainly to simplify
notation. The essence of these results is the same irresperf the mean. Their proofs are
omitted for brevity.

4.1 Gaussian Source

If the DC coe cient X, is Gaussian distributed with zero mean and variance3, the expres-
sion for M is given by

K0 1 Y2 +2 3NC 2 2 2 2 2 2

1 0 L +Y2+2 ENC, Us +Y:s+2 SNCy

M P Y€ 20 ko koz 2 0 , koz 2 0
ko=0

(14)

R
where E;(X) = Xl et—‘dt (x > 0), is the exponential integral. The expression foM is
an approximation in this case since we consider the contribon of only one term in the
numerator.



zero mean and variance ?; 5;:::; 3 , respectively,

PN 15 4 PN1_2 P
i=1 Q. — _ izl i 2. 2 _
u

N 12T N 1D

N 1pa4 P N1 2
i=1 1 © oy = i=1 i (15)
(N 1) (N 1)

2 =
\'
are a conservative set of parameters that satisfy the bounds

4.2 Laplacian Source

If the DC coe cient X, is Laplacian distributed with zero mean and variance 3, the ex-
pression forM is a combination of three terms depending on the values of thgper and
lower limits of the interval Si,. Suppose that there are\; intervals corresponding to Case
1 (Ly, > 0;Uy, > 0), N, intervals in Case 2 Ly, 0;Ux, 0), and N3 intervals in Case 3
(L, < 0; Uy, > 0), with N; + N, + N3 =2Ro, Each case is evaluated as follows.

Case 1Ly, > O;U, > 0

N 1 _ .
T po— Vi €PEi(ali D) Ei(aU + b))+ e P[Esally, )
0 ko=0
.9 NC; . . . . . 16
Bl )] + P2 eP[Es(alli,+ ) Ea(alUs + )] e [Es(alliy by 10
(0]
Ex@(Uq D) ;
wherea = p—f; b= Y2+ NCyi= P - 1;E4(x) is the exponential integral.
Case 2Ly, O;U, O
1 w1 . .
T=po— Vi e P[E alli* b)) Ex( aUi+ D)+ €XEL ally, )
0 ko=0
.9 NC . . . 17
B a(U D))+ e PE( ally + i) Ex( U+ b)) (17)

0
€P[Ei( ally, b)) Ei( aUy, i) ;

p

wherea = —f; b= Yk20 + NCy;i = P 1, E1(x) is the exponential integral.

Case 3:Ly, < 0,U, >0
T3 = Tl + T2 (18)

with T, as above evaluated over the interval (OUy,] and T, also as above, evaluated over
(L, O

M = Tl + T2 + T3: (19)
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mean and variance ¥; 3;:::; 3 , respectively,
Py lg 4 Pina g P
i=1 i — i=1 [ L2. 2 —
(N 12" " (N 1 e

N154 I:)le
i=1 i — i=1 i

‘ (N 12" " (N 1)

(20)

are a conservative set of parameters that satisfy the bounds

4.3 Properties of the Bounds

The bounds in (7) possess several useful properties. (a) Tteems (M; ; u; v; u) can
be easily evaluated for several commonly used unbounded s@utypes (as shown in the
previous subsections). This property makes the bounds triable when compared to (6). (b)
In practice, di erent DCT coe cients are quantized at di er ent rates in order to optimally
allocate bits. The bounds hold for any combination of rateshereby making them attractive
in practical rate allocation problems. (c) From the expressn for the bounds, we see that
they can be implemented e ciently and easily (even for the cmplex looking Laplacian
case). Note that the second term in the bound involves onl}N summation and division
operations. This property could be very useful if these bods were to be used in real-time
codec implementations. This property also allows for fasbemputation at any practical DCT
block size. (d) These bounds can easily be extended to the BShdex's predecessor - the
universal image quality Index (UQI).

A point to note is that though the analysis considers a 1-D DCTit is easy to show that
the results carry over to the 2-D DCT case. The 2-D DCT obeys thParseval's theorem,
and the relation between the space domain and DCT domain mesand inner products also
hold.

5 Results

In this section, two representative results are presentedrate versus SSIM Index plots for
Gaussian and Laplacian sources are presented rst, followéy a bit-allocation example of
image sources.

5.1 Gaussian and Laplacian Sources

As a representative visual example, the case of equal ratéoahtion is considered for a set
of 64 independent and identically distributed sources. Thplot of the bounds, and the true
SSIM Indices are shown in Fig. 1. For these plots, the probdity p of the bounds being
satis ed is set to 0.9. Since the value¥; U are calculated using conservative estimates, it
was found that the bounds hold with a much higher probability(almost 1) in practice. It
can be observed from the plots that the bounds are accurate ihe high rate regime.



(a) Gaussian source (b) Laplacian source

Figure 1: Plots of rate versus SSIM Index for uniform quantaion of 64 random variables
that have zero mean and variance 100. 1(a) Gaussian sourcéb)l aplacian source.

5.2 Bit-allocation Example

Consider the following rate allocation problem, and the assiated constraints. Suppose that
a bit budget of 128 bits is to be allocated to the 64 DCT coe ciats. To make this problem
tractable, the following constraints are introduced. The ZT coe cients are divided into
four groups, each containing 16 coe cients. Further, the st group is assumed to contain the
most important coe cients, the next group to contain the next most important coe cients,
and so on. Finally, the more important group is always assiga bits greater than or equal
to the number of bits assigned to the group immediately lowdan importance. Though this
setup is simple, it is a fair re ection of a true coding scen@. Under these assumptions, four
combinations are possible - (5, 1, 1, 1), (4, 2, 1, 1), (3, 3, 1), and (2, 2, 2, 2). The problem
is to nd the rate combination that results in the highest SSM Index of the quantized image.
The results of allocating these bit combinations to an imagare shown in Fig. 5.2. Also
shown are the predicted SSIM Indices using the average of posed upper and lower bounds
for Laplacian sources (withp = 0:9), and true SSIM Indices. It can be seen that the bounds
help make an accurate prediction of the SSIM Index.

6 Conclusions

In this paper, we presented bounds on the SSIM Index as a furar of quantization rate for
xed-rate uniform quantization. The proposed bounds make se of a well-known relation
between MSE and quantization rate for xed rate uniform quatization under the high
rate assumption. We have demonstrated the strength of the pposed bounds for Gaussian
and Laplacian sources and their usefulness in a practical age coding scenario. Through
these results, we have taken a step in the path of designingrpeptually optimal image
coding algorithms, and more generally in designing percelly optimal image processing
algorithms that leverage the strength of emerging IQA algathms.



(a) Original (b) 5111

Figure 2: Rate allocation example 2(a) The original Boats image. 2(b) Original quantized
using the 5, 1, 1, 1 rate prole. SSIM Index = 0.7743, Laplacia estimate of SSIM Index
= 0.7755. 2(c) Original quantized using the 4, 2, 1, 1, rate prle. SSIM Index = 0.7551,
Laplacian estimate of SSIM Index = 0.7584. 2(d) Original quatized using the 3, 3, 1, 1 rate
pro le. SSIM Index = 0.6689, Laplacian estimate of SSIM Inde = 0.6583.
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